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Investigations of quantum mechanical effects in macroscopic systems are of great interest to shed
light onto the question where and how the transition to the classical world appears. It is also of
practical relevance to determine if a bath dephasing a qubit can be described classically or requires a
quantum mechanical treatment. We propose a measurement scheme to detect quantum backaction
via correlation measurements to answer this question for a bath coupled to a single qubit. The
presence of backaction leads to a dependence of correlations of subsequent initialization-evolution-
readout cycles on how the qubit is manipulated in between. We compute the autocorrelation function
for both an instructive spin model and the realistic case of an electron spin coupled to a bath of
106 nuclear spins, as found in gated GaAs quantum dots, and show that backaction from the qubit
onto the nuclear spin bath should be detectable even in such a large system.
PACS numbers: 03.67.Bg,03.67.Mn,73.21.La
Motivated by both fundamental questions and the
promise of quantum computing, the decoherence of a
qubit (or other quantum system) due to its interaction
with a bath has received tremendous attention. One
possibility to model this process is a fully quantum me-
chanical description, where a Hamiltonian is introduced
for the complete system consisting of the qubit and its
bath. While this approach is very general, the solution of
the resulting many-body problem is usually challenging
[1]. Experimentally, one can typically only control and
measure the qubit, which makes it difficult to obtain in-
formation about the bath on a similar level of detail as
contained in a quantum model. Hence, a much different
approach has been widely used for practical purposes by
describing the bath as a classical fluctuating field. The
fluctuations of this field are often assumed to be a station-
ary random process and to exhibit Gaussian statistics, so
that it is fully characterized by its noise spectral density.
Based on this approach, a very powerful formalism con-
necting the loss of coherence to the noise spectrum via
filter functions has been developed [2]. On the one hand,
it allows to predict the qubit decoherence due to the fluc-
tuating bath, possibly under the application of pulse se-
quences. Much attention has also been paid to tailoring
these sequences to optimally protect qubit coherence [3–
6]. On the other hand, analyzing the measured loss of
coherence can be used to extract the underlying noise
spectrum.
It is thus of great interest under what conditions the
classical description is a good approximation to a full
quantum model [1, 7]. Broadly speaking, the question is
whether a bath behaves quantum mechanically or clas-
sically. Yet, fairly little work has been done to exper-
imentally probe this question in a general manner. In
this Letter, we propose a qualitative, experimental test to
discriminate these regimes. Our method is based on mea-
suring correlations of subsequent qubit readouts framing
an intermediate interaction that causes backaction from
the qubit onto the bath. Measurement of a backaction-
induced change in the autocorrelation function then re-
veals whether a quantum mechanical treatment is re-
quired to describe the qubit-bath interactions. As a
concrete and practically relevant example, we consider
an electron spin qubit in a GaAs quantum dot, which
is coupled to a bath of 104 to 106 nuclear spins of the
host material [8], and show that the backaction of the
qubit should be observable with established experimen-
tal methods on the time scale of the qubit’s coherence
time [9]. The decoherence caused by this bath has re-
ceived significant attention [10]. While quantum models
have been considered in detail [11, 12], all experiments
to date can be explained in a classical picture of the bath
[8, 9, 13–16].
Given the mesoscopic nature of the nuclear spin bath,
the question whether quantum effects can be observed
is particularly pertinent. So far, there appears to be no
fundamental bound on the validity of quantum mechan-
ics for the macroscopic world other than the increase of
decoherence. Nevertheless, it is a valid scientific question
whether deviations can be observed as larger entities are
considered [17]. Our proposed experiment would consti-
tute such a test in the sense that a failure to observe
the expected backaction, which is required for the uncer-
tainty relation to hold, could point to a breakdown of
quantum mechanics. For nitrogen-vacancy centers cou-
pled to a bath consisting of only a few nuclear spins in
diamond, this question has been addressed both theoret-
ically and experimentally. The emergence of the quan-
tum regime has been shown to appear when the elec-
tron spin-induced Knight shift is of comparable size to
the externally applied magnetic field using a technique
based on the particular energy level structure of this sys-
tem [18], and by comparing dephasing between different
states [19, 20]. Our approach is more general as it makes
fewer assumptions about the nature of the qubit and its
coupling to the bath.
2Note that the meaning of the term quantum bath is not
unique, ranging from the dominance of quantum fluctu-
ations [21] to the importance of internal dynamics [22].
Here, we define a classical bath as one for which the de-
phasing of a single qubit can be described by a Hamilto-
nian of the form
Hˆ = HˆQ + β(t) · σˆ, (1)
where HˆQ is a deterministic operator acting on the qubit
only, σˆ = (σˆx, σˆy, σˆz) are Pauli matrices and β(t) is the
randomly fluctuating field caused by the bath. Being
classical, this field is represented by real numbers rather
than an operator. A quantum bath would be one where
this description fails and one has to resort to the more
general quantum model
Hˆ = HˆQ + HˆB + Aˆ · σˆ, (2)
where HˆB describes the internal bath dynamics and Aˆ·σˆ
denotes the quantum mechanical coupling between the
qubit and the bath. In principle, one might distinguish
these cases by testing a range of models. However, it
will be difficult to rule out the existence of a suitable
and possibly unknown classical model if only a quantum
model is found to agree. Thus, we seek a qualitative,
experimentally testable criterion.
We note that a key difference between the two scenar-
ios is that in Eq. 1, the dynamics of the bath are indepen-
dent of the state of the qubit whereas in Eq. 2, the cou-
pling term implies that the evolution of the qubit state
also affects the bath dynamics. In other words, the bath
experiences a backaction from the qubit. We thus use the
observation of backaction as the operational criterion for
a bath to be quantum. As a further constraint, one may
demand that this backaction should be detectable on the
time scale of the qubit’s coherence time. For example, re-
peatedly transferring energy from the qubit to the bath
will eventually heat any finite size bath, but this form of
backaction would hardly be considered a quantum effect.
As a test for a detectable backaction, we propose to
measure correlations of repeated (near single-shot) mea-
surements of the qubit, which we recently introduced as
an alternative way to characterize the noise spectrum of
a bath assumed to be classical [23]. The scheme consists
of two free evolution periods in each of which the qubit is
initialized into a σˆx eigenstate, evolves for a time tM un-
der the influence of the coupling Hamiltonian HˆM and is
then measured projectively in the σˆx basis. For the sake
of simplicity, we assume initialization and measurement
to be negligibly short compared to the evolution times of
interest.
Correlations of subsequent projective readouts mea-
sure the intermediate bath dynamics via correlations of
the phases accumulated by the qubit. To make this pro-
tocol sensitive to the backaction from the qubit onto
t
M
t
I
time
I H
M
M I H
M
MI H
I
t
M
FIG. 1. Measurement cycle: Qubit initialization into a su-
perposition state (I), evolution under the respective coupling
Hamiltonian HˆM,I for time tM,I , and projective measurement
(M). The correlation of the two qubit readouts after the com-
muting evolutions HˆM will then measure the effect of the
possibly noncommuting intermediate qubit-bath coupling op-
erator HˆI .
the bath, we incorporate an intermediate qubit-bath-
interaction described by HˆI after the first projective mea-
surement. This sequence is depicted in Fig. 1. Any
effect of the intermediate interaction of the qubit with
the bath on the correlations between the two measure-
ments is an unambiguous proof of backaction (provided,
of course, there is no spurious effect of the qubit control
field coupling directly to the bath). This picture can be
motivated as follows: For simplicity, assume no internal
dynamics of the bath. Then, each interaction-readout
sequence (including the intermediate interaction, inde-
pendent of whether the qubit is actually read out or not)
can be considered as a measurement of some bath oper-
ator (with a binary outcome). Without the intermediate
measurements, we are facing two consecutive projective
measurements of the same observable, which should be
perfectly correlated. However, if the intermediate mea-
surement HˆI does not commute with the outer ones HˆM ,
the laws of quantum mechanics require that such a mea-
surement does have a backaction, which ensures that
the uncertainty relation for non-commuting observables
holds. Thus, the correlation would be reduced since the
backaction would drive the bath out of the eigenspace
into which it is projected in the first measurement.
To analyze the protocol, we compute the correlation
between the measurements. While it is generally inde-
pendent of the form of the coupling Hamiltonian, we
restrict our analysis to the case where Hˆ ∝ σˆz and
Ax = Ay = 0 for simplicity. We first consider a pure
initial bath state |J〉 to later generalize to mixed states
by averaging. After initializing the qubit into a super-
position |±〉 = 1√
2
(|0〉 ± |1〉), where |0〉 and |1〉 are the
σˆz eigenstates, the coupling operator in Eq. 2 starts to
entangle the qubit and bath subspace leading to a state
|ψ(t)〉 = 1√
2
(
|0〉 ⊗ Uˆ0(t)|J〉+ |1〉 ⊗ Uˆ1(t)|J〉
)
, (3)
where Uˆi(t) = Tˆ exp
(
−i ∫ t0 dt′Hˆi(t′)/~) denotes the op-
erators mediating entanglement between the bath state
and the two qubit states |0〉 and |1〉. Tˆ is the time-
ordering operator. A subsequent measurement of the
3qubit projects the bath onto a quantum mechanical su-
perposition state
|J(t)〉 = 1√
2
(
Uˆ0(t)± Uˆ1(t)
)
|J〉, (4)
where the sign is determined by the outcome of the qubit
measurement in the superposition basis. Note that terms
of the form 〈J |Uˆ †0 (t)Uˆ1(t)|J〉 have been neglected in the
normalization of Eq. 4 as they are small for time scales
much larger than the free induction decay (FID). We find
that the autocorrelation C = 〈M1 · M2〉 between two
measurement values M1,2 for the sequence depicted in
Fig. 1 is given by
C =
1
2
〈J |Uˆ †0 (tM )Uˆ †I (tI)Uˆ †0 (tM )Uˆ1(tM )UˆI(tI)Uˆ1(tM )|J〉
+
1
2
〈J |Uˆ †1 (tM )Uˆ †I (tI)Uˆ †0 (tM )Uˆ1(tM )UˆI(tI)Uˆ0(tM )|J〉.(5)
The relation between measurement correlations and the
different evolution operators is the main general result
of this paper. It is now apparent that, if Hˆ0,1 and HˆI
commute, UˆI can be eliminated so that the value of C
is independent of what happens during the intermediate
evolution and no backaction is detected. Otherwise, the
value of C in general depends on how the qubit is ma-
nipulated during UˆI , which is an unambiguous evidence
that its backaction affects the bath. One can further show
that if measurement and intermediate evolution time are
negligibly short so that UˆI = 1, this result corresponds
to the Hahn echo amplitude plus some rapidly decaying
terms. We had previously obtained this result for classi-
cal Gaussian noise [23].
We now turn to the central spin model as a concrete
example and will consider a prominent realization con-
sisting of two coupled electrically confined electron spins
embedded in a GaAs host lattice. This so-called singlet-
triplet qubit [8] exhibits dephasing times up to 200µs
[9] and allows fast single-shot readout within 100ns [24],
thus making it a good candidate for applying our scheme.
It is instructive to first consider a situation where a cen-
tral electron spin is coupled to a bath of N nuclei of
the same species (e.g. one Gallium isotope) with spin
1
2 . We assume that the nuclear spins are in an infinite
temperature mixed state. For external magnetic fields
much larger than the hyperfine coupling, spin flips be-
tween the electron and nuclei are negligible and we can
replace the coupling operator in Eq. 2 by ~
∑N
i AiSˆ
zJˆzi .
Here, Sˆz (Jˆzi ) is the electron spin (ith nuclear spin)
operator and Ai = A × |ψ(ri)|2 describes the coupling
strength of the ith nuclear spin at position ri weighted
by the electron wave function ψ(r) [25]. A direct ap-
proach to realize a noncommuting evolution during the
intermediate period is the rotation of the electron spin
quantization axis, e.g. by flipping the external mag-
netic field into the x-direction. This effectively cou-
ples the electron spin to the Jˆxi component of each nu-
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FIG. 2. Autocorrelation function for the switched uniaxial
coupling scheme applied to the singlet-triplet qubit with 103
nuclear spins of the same species in each dot. The correlation
between the two measurements decays as a function of the
intermediate evolution time when tMA . 1.
clear spin such that Uˆ0,1 = ⊗Ni exp
(
∓ 12AiJˆzi tM
)
and
UˆI = ⊗Ni exp
(
− 12AiJˆxi tI
)
do not commute. The deriva-
tion of the correlation function for this case and the
straightforward extension to the double dot configuration
in the singlet-triplet qubit is presented in the supplemen-
tal material [26].
The result is illustrated in Fig. 2 for symmetric dots
with each 103 nuclei of the same species. In the regime
where the outer evolution times are small compared to
the inverse hyperfine interaction, the correlation between
the two qubit measurements decreases as a function of
the intermediate evolution time, which shows that back-
action from the qubit onto the noise bath can indeed
be detected. In this regime, the intermediate interac-
tion rotates the nuclear spins about the x-axis, and thus
erases the projection effect of the first measurement along
the z-axis. For homogeneous coupling, one would ex-
pect revivals when the electron-spin induced Knight shift
causes a full rotation of the nuclei. However, this effect
is completely washed out due to the inhomogeneous cou-
pling [26] and only leads to the small beating features
at tMA = tMA/N ∼ 1 and tIA ∼ 1. Moreover, in the
experimentally relevant regime tMA . 1, the outer evo-
lution times set the time scale on which the correlation
decays which allows for tuning of the backaction-induced
decay to time scales where other decay mechanisms, such
as inhomogeneous broadening, are still negligible. For
tMA ≪ 1, the two measurements detect the initial-
ized states leading to a perfect correlation regardless of
the intermediate interaction if those states are identical.
Changing the number of nuclear spins exhibits a qualita-
tively similar behavior with a shifted decay of correlation.
This can be seen from the relation t × τ ∝ N3/2, which
holds at the point where C = 12e
−1, i.e. the diagonal
transition between high and low correlations in Fig. 2.
4While the rapid change of the quantization axis con-
sidered above provides an illustrative example for gen-
erating two noncommuting evolutions, it is nontrivial to
realize such a fast reorientation of the magnetic field di-
rection in practice. Therefore, we now consider a more
accessible approach based on applying different pulse se-
quences to the electron. For a FID experiment, which
consists of the initialization of the qubit into a σˆx eigen-
state, a free evolution for a given time and a subsequent
projective measurement, the secular terms of the hyper-
fine coupling between the electron and each nucleus are
dominant. This makes the final qubit measurement pre-
dominantly sensitive to the Overhauser field created by
the nuclei along the qubit quantization axis
gµBB
z
nuc = ~
N∑
i
AiJ
z
i , (6)
which is assumed to be constant on typical qubit evolu-
tion time scales. During a spin echo (SE) experiment,
a pi-pulse applied to the qubit after half of the evolution
time inverts the direction of the hyperfine coupling, effec-
tively reversing any constant interaction during the sec-
ond half of the evolution time. In contrast, second order
terms make the SE decay sensitive to the time-dependent
transverse Overhauser field components B⊥nuc(t) that os-
cillate as a result of the relative Larmor precession of
the different isotopes in the system [9]. Since Jˆzi and
Jˆ±i = Jˆ
x
i ± iJˆyi do not commute, implementing the two
outer evolutions in Fig. 1 as a SE and the intermediate
evolution as a FID effectively creates the required non-
commuting evolutions. Differences observed in compar-
ing this SE-FID-SE scheme to a SE-SE-SE scheme with
the same durations will then allow to directly identify
a potential backaction. We make use of a semiclassical
approach [14] to calculate the autocorrelation function
for our measurement scheme [26], and again focus on the
singlet-triplet qubit where similar features as we predict
have already been observed in standard SE experiments
[9]. However, our results are equally valid for single spins.
The results are depicted in Fig. 3 and show revivals
whenever all three species have the same relative orien-
tation during both measurements, i.e. a multiple of the
relative precession periods has elapsed. This condition
can be met due to the fortuitous spacing of the nuclear
Larmor frequencies in GaAs. To phenomenologically ac-
count for nuclear dephasing we have included Larmor fre-
quency deviations due to local Gaussian magnetic field
deviations δB leading to an overall decay of the corre-
lation function [14]. δB is chosen slightly smaller than
extracted from earlier experiments [9], expecting that it
can be reduced by optimizing the direction of the ex-
ternal field. Remarkably, turning on the backaction by
introducing the intermediate FID leads to a clear sup-
pression of the correlation revivals which stems from the
backaction of the electron as compared to the interme-
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FIG. 3. (a) Autocorrelation function with intermediate SE for
external magnetic fields of 40, 70, and 210mT (black, blue,
and red curve, respectively) and
√
〈δB〉2 = 0.2mT. The outer
evolution time is tM =1µs and each electron is coupled to 10
6
nuclei consisting of 69Ga, 71Ga, and 75As. Inset: Correlation
as colorscale as a function of outer and intermediate evolution
time at external magnetic field of 40mT. (b) Same as (a) with
intermediate FID. The suppression of the revivals due to the
intermediate backaction are clearly visible.
diate SE. This is due to the Knight shift experienced
by the nuclei during the FID which changes the relative
phase of the Larmor precessions. For an SE, however, this
phase shift is echoed away. Careful tuning of the external
magnetic field will then allow to observe this backaction-
induced revival suppression on time scales where deco-
herence due to dipolar interactions, which occurs on a
timescale of about 30µs [9], does not render them invis-
ible. In principle, inverting the sequence by exchanging
FID and SE equally fulfills the noncommutation condi-
tion. However, the second measurement is then sensi-
tive to the backaction-induced change of the longitudinal
component of the Overhauser field which is for the sake
of simplicity not accounted for in our model.
In conclusion, we have presented a measurement
scheme to qualitatively determine whether a bath be-
haves classical or quantum mechanical via readout of a
qubit interacting with it. One may ask if backaction from
the qubit onto a coupled bath can also be described with
purely classical models. In principle, this is indeed the
case (e.g., by treating each nuclear spin as a vector with
a rotation axis determined by the qubit state). However,
the projective measurement of the qubit in the superposi-
tion basis entangles it with the nuclear spin bath, which is
a purely quantum mechanical phenomenon. We note that
any failure to observe the expected backaction of a non-
5commuting intermediate measurement would constitute
a violation of the very principles of quantum mechanics
that enforce the uncertainty relation. In this sense, the
experiment we propose can be seen as a test of the valid-
ity of quantum mechanics for fairly macroscopic entities,
such as an ensemble of 106 nuclear spins.
We speculate that the observation of backaction from
a qubit on the scale of its coherence time also implies
that the qubit-bath system can be put into an entangled
state even though the bath starts in an infinite tempera-
ture state. One can show that for an infinite temperature
bath and a Hamiltonian given by Eq. 2 but only involv-
ing terms proportional to σˆz , no entanglement can be
formed with a single interaction period. However, the
first projective measurement would leave the bath in a
state that is not maximally mixed and might thus allow
the second interaction period to create entanglement.
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6The following supplemental material is divided into two sections which provide the derivation of the autocorrelation
function for the switched uniaxial coupling, and the isotropic coupling with dynamical decoupling pulses, respectively.
Switched uniaxial coupling
We start the derivation of the autocorrelation function for the singlet-triplet qubit from Eq. (5) of the main
text and first consider only one electron spin coupled to a nuclear spin bath. The noncommuting evolution operators
Uˆ0,1 = ⊗Ni exp
(
∓ 12AiJˆzi tM
)
and UˆI = ⊗Ni exp
(
− 12AiJˆxi tI
)
factorize into single spin terms and can thus be evaluated
analytically. To account for inhomogeneous coupling between the electron and nuclear spins, we assume an electron
wave function of the form
ψ(r) =
√
2ν0
z0piL2
cos
(
piz
z0
)
exp
(
−x
2 + y2
2L2
)
, (7)
where z0 is the dot thickness, ν0 the volume of the primitive cell, and L the Fock-Darwin radius, which is a suitable
description for electrically confined electrons in a quantum well. Similar to Ref. [25], we then group the nuclear
spins into n clusters where the coupling of all nuclei within a single cluster is given by the nuclear spin-specific
constant A weighted by the electron wave function. This approach allows efficient averaging over all bath states. We
continue to neglect the internal bath dynamics, which can be justified in retrospect by comparison to experimental
coherence times [25]. To calculate expectation values of the autocorrelation function, we average over initial nuclear
spin bath configurations where the bath polarization follows a binomial distribution with probability 12 corresponding
to an unpolarized bath. Note, however, that also polarized baths can be implemented by adjusting the probability
according to the ratio of the nuclear spin states. When the baths of the two dots are independent, the two terms of
the autocorrelation function in Eq. (5) of the main text can be decomposed into products where each factor contains
operators acting only on one dot. Moreover, we assume that both dots contain an equal number of nuclear spins
and that the electron wave functions are identical, i.e. symmetric dots. In this case, the contributions from the two
dots are equal and only lead to a square of the autocorrelation function as compared to the single electron case. The
autocorrelation function then reads
〈C〉 = 1
2
n∏
i=1
∣∣∣∣∣
Ni∑
k=1
1
2Ni
(
Ni
k
)[
〈↑ |Uˆ ′i | ↑〉
]k [
〈↓ |Uˆ ′i | ↓〉
]Ni−k∣∣∣∣∣
2
+
1
2
n∏
i=1
∣∣∣∣∣
Ni∑
k=1
1
2Ni
(
Ni
k
)[
〈↑ |Uˆ ′′i | ↑〉
]k [
〈↓ |Uˆ ′′i | ↓〉
]Ni−k∣∣∣∣∣
2
, (8)
where the sum over i and k runs over the hyperfine coupling clusters and nuclear spins, respectively, and Uˆ ′i (Uˆ
′′
i ) are
the single-spin operators of the sequence of operators in the first (second) term of Eq. (5) of the main text, effectively
rotating each nuclear spin about the z- and x-axis. These terms are given by
〈↑i |Uˆ ′i | ↑i〉 = exp
(
−iAi
2
tM
)[
−2i sin
(
Ai
2
tM
)
cos2
(
Ai
4
tI
)
+ exp
(
i
Ai
2
tM
)]
〈↑i |Uˆ ′′i | ↑i〉 = exp
(
i
Ai
2
tM
)[
−2i sin
(
Ai
2
tM
)
cos2
(
Ai
4
tI
)
+ exp
(
i
Ai
2
tM
)]
. (9)
It can further be shown that the spin up and spin down-terms in Eq. 9 are complex conjugates
〈↑i |Uˆ ′,′′i | ↑i〉 =
(
〈↓ |Uˆ ′,′′i | ↓〉
)∗
. (10)
Evaluation of Eq. 8 then allows to calculate expectation values of the autocorrelation function for this scheme. The
result is shown in Fig. 2 of the main text for inhomogeneous coupling of both electron spins to nuclear spin baths each
consisting of 103 nuclei of a single species. Other isotopes can easily be included into the calculation by adjusting the
coupling strength for those nuclei.
Isotropic coupling with dynamically decoupling pulses
For the deviation of the autocorrelation function, we will treat the nuclei as classical vectors with electron spin-
dependent dynamics. To calculate the expectation value of the correlation function, we will average over initial
7nuclear spin configurations [14]. We again assume that the baths are independent, which allows us to decompose
the correlation function into factors describing only one dot. We therefore start by considering a single electron spin
coupled to a bath. In this case, the autocorrelation is determined via the phases φ1 and φ2 accumulated during the
first and second SE measurement, respectively. The autocorrelation is then given by
〈C〉 = 1
2
ℜ
(〈
ei(φ1+φ2)
〉
+
〈
ei(φ1−φ2)
〉)
. (11)
These phases measure the dynamics of the Overhauser field created by the nuclear spins and experienced by the
electron. For a SE measurement, the longitudinal field component Bznuc, which is assumed to be constant for typical
qubit evolution times, cancels out and the measurement is only sensitive to the transverse Overhauser field components
|B⊥nuc(t)|2 =
∑
k,l
bk(t)b
∗
l (t), (12)
where the sum runs over the different nuclear field components, such as different Larmor frequencies ωk or hyperfine
couplings Ak. The dynamics of the complex Overhauser field components bk = b
x
k + ib
y
k during one evolution period,
possibly under the influence of dynamically decoupling pulses, can be expressed as
bσk(t) = b
σ
k(0) exp
[
i
(
(ωk + δωk)t+ σAk
∫ t
0
dt′c(t′)
)]
, (13)
where we have introduced the index σ = ± 12 to denote the electron spin state, and bσk(0) is the Overhauser field
component at the beginning of the respective evolution. The term δωk phenomenologically accounts for nuclear spin
dephasing via normally distributed local magnetic field fluctuations δBext [14]. The function c(t) = ±1 switches its
sign whenever a pi-pulse is applied and thus captures the effect of any dynamical decoupling pulses applied. Note
how a switching at t/2 cancels out any electron spin-dependent dynamics (i.e. backaction) of the Overhauser field
components.
The phases in Eq. 11 can now be calculated via
φ1,2 = C
∑
k,l
bσk(0)b
σ∗
l (0)
∑
σ=± 1
2
∫ tM
0
dt′c(t′)eiωklt
′+iσAkl
∫
dt′′c(t′′), (14)
where C = gµB4|Bext| is a constant determined by the electron gyromagnetic factor and external magnetic field, and
ωkl = ωk − ωl (Akl = Ak − Al) denotes the relative Larmor frequencies (hyperfine couplings). Note that for φ2,
the initial Overhauser field components bσk,l(0) incorporate the potential backaction due to the intermediate FID/SE
as described in Eq. 13. The intermediate FID thus imprints an additional phase onto the transverse Overhauser
field components, effectively defining the initial Overhauser field configuration for the second measurement. Due
to inhomogeneous coupling, this imprinted phase then leads to a suppression of the peaks arising from the relative
Larmor precessions in Eq. 14. When the initial Overhauser fields are expressed via their rms value b¯k =
~Ak
2gµB
√
5Nk,
where Nk is the number of nuclei of species k in the dot, and complex, normally distributed variables zk, the phases
may be rewritten via a T -matrix using the identity
〈
ei(φ
σ
1
±φσ
2
)
〉
=
〈
e−
i
2
∑
k,l T
±,σ
k,l
zkz
∗
l
〉
, where
T±,σkl =
4igµB b¯k b¯l
~Bext
exp
(
iωkl+δωkl2 tM
)
i(ωkl + δωkl)
sin2
(
ωkl + δωkl
4
tM
)(
1± ei((ωkl+δωkl)(tM+tI)+σAkltI)
)
. (15)
We now take into account the double dot-configuration which simply leads to products of terms where each factor
acts on only one dot. Performing the average in Eq. 11 by averaging over the normally distributed complex zk,l, we
derive the autocorrelation function
〈C〉 = 1
4
ℜ
[∏
m
1
1 + iλ+,↑m,L
1
1− iλ+,↓m,R
+
∏
m
1
1 + iλ+,↓m,L
1
1− iλ+,↑m,R
]
+
1
4
ℜ
[∏
m
1
1 + iλ−,↑m,L
1
1− iλ−,↓m,R
+
∏
m
1
1 + iλ−,↓m,L
1
1− iλ−,↑m,R
]
, (16)
where L,R denote the left and right dot, and λ±,σm,d are the m eigenvalues of the T-matrix defined in Eq. 15 [14]. For
symmetric dots, this expression can again be simplified to
〈C〉 = 1
2
ℜ
∑
s=±
∏
m
1
1 + iλs,↑m
1
1− iλs,↓m
. (17)
8The result of this function for a singlet-triplet qubit with a spin bath consisting of 106 nuclei is illustrated in Fig. 3
of the main text.
